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LIMITS OF TANGENTS OF SURFACES
JOA˜O CABRAL AND ORLANDO NETO
Abstract. We compute the limit of tangents of an arbitrary surface.
We obtain as a byproduct an embedded version of Jung’s desingulariza-
tion theorem for surface singularities with finite limits of tangents.
1. Introduction
Let S be a singular surface of the germ of a complex analytical manifold
M at a point o. Theorem 2.3.7 of [5] states that the limit of tangents Σo(S)
is the union of the dual of the tangent cone Co(S) of S with a finite set of
projective lines of P∗oM .
Theorem 1.4.4.1 of [6] gives a criteria to decide if a certain projective line
is contained or not in Σo(S), provided a non degeneracy condition is verified.
The proof relies on a commutative diagram
Γ ← Γ˜
↓ ↓
S ← S˜
where S˜ is the strict transform of S by the blow up π : M˜ → M of M
at o, and Γ is the conormal of S. Hence S ⊂ M , S˜ ⊂ M˜ and Γ ⊂ P∗M :
The surface Γ˜ has a more enigmatic status. If we had an immersion of Γ˜
into a manifold X endowed with a symplectic structure we could iterate the
process, blowing up M˜ and eventually lifting the need for the non degeneracy
condition. Unfortunately there can be no such symplectic structure on X .
Theorem 8 presents a new proof of Theorem 2.3.7 of [5]. It sheds a new
light on the problem. Set E = π−1(o). There is a vector bundle T ∗〈M˜/E〉
on M˜ with sheaf of sections the locally free O
M˜
-module of logarithmic dif-
ferential forms on M˜ with poles along E. Let π
M˜
: P∗〈M˜/E〉 → M˜ be the
associated projective bundle. There is a commutative diagram
(1)
P∗M
π̂
←− P∗〈M˜/E〉
πM ↓ ↓ πM˜
M
π
←− M˜
where π̂ is blow up of P∗M along π−1M (o). The projectivization P
∗〈M˜/E〉
of the vector bundle T ∗〈M˜/E〉 provide an ambient space for Γ˜, which is
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a Legendrian variety of P∗〈M˜/E〉, the strict transform of Γ by π̂ and the
conormal of S˜.
There is a canonical embedding of the projective cotangent bundle P∗E
into P∗〈M˜/E〉. Moreover, Γ˜′ = Γ˜ ∩ π−1
M˜
(E) is contained in P∗E and Γ˜′ is a
Legendrian variety of P∗E. Since π
M˜
(Γ′) = S˜∩E, there are σ1, ..., σn ∈ S˜∩E
such that
Γ˜′ = P∗
S˜∩E
E ∪ ∪iP
∗
σiE.
Here P∗
S˜∩E
E denotes the conormal of the curve S˜ ∩ E, the smallest Legen-
drian curve of P∗E that projects on S˜ ∩E, and P∗σiE denotes the fiber at σi
of P∗E. The restriction of π̂ to P∗E defines a map
π̂ : P∗E → P∗oM.
Moreover,
Σo(S) = π̂(P
∗
S˜∩E
E ∪ ∪iP
∗
σiE).
More precisely, the dual curve of S˜ ∩E is the image of the Legendrian curve
P∗
S˜∩E
E and the pencils of planes are the images of the projective lines P∗σiE.
There is a natural logarithmic generalization of the notion of limit of
tangents. The surface Γ˜ is the conormal of the surface S˜, in a sense that
will be precised in section 2. We call ΣEσ (S˜) = Γ˜ ∩ π
−1
M˜
(σ) the logarithmic
limit of tangents of S˜ at σ, with poles along E.
We reduce in this way the computation of the limit of tangents of a surface
to the problem of deciding if, given σ ∈ S˜ ∩ E, ΣEσ (S˜) = P
∗
σE or Σ
E
σ (S˜) is
finite. This problem is solved by Theorem 24.
The introduction of the notion of logarithmic limit of tangents allows
us to iterate the construction that gives us a new proof of Theorem 2.3.7
of [5]. In order to compute the limit of tangents we need to introduce
a canonical process of reduction of singularities for surfaces. In general
this process will terminate before we desingularize the surface S, giving us
enough information to compute the limit of tangents of S. If the limit of
tangents of S is finite, the process will terminate when all singular points of
some strict transform of S are quasi ordinary. See Theorem 25. We obtain
in this way an embedded version of Jung’s desingularization algorithm.
Let C be the singular locus of S. Roughly speaking, the algorithm of
reduction of singularities proceeds in the following way:
(a) We blow up M at o;
(b) Given a regular point σ of the inverse image N of o by the sequence of
blow ups, we blow up σ if σ is a singular point of the strict transform
C˜ of C or C˜ is not transversal to N at σ.
(c) If a strict transform S˜ of S by the sequence of blow ups contains a
connected component W of the singular locus of N , we blow up W .
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(d) If σ is an isolated point of S˜ ∩W , there is a local plane projection ρ
such that ρ−1(ρ(N)) = N . If the germ at ρ(σ) of the discriminant ∆ρS
is not contained in ρ(N), we blow up W .
In cases (c), (d) this algorithm works in a very similar way to Jung’s algo-
rithm. In case (b) the singular locus of S takes the place of the discriminant
of S.
In section 2 we introduce some basic notions of Logarithmic Contact Ge-
ometry. In section 3 we introduce the notion of logarithmic limits of tangents
and compute logarithmic limits of tangents of quasi-ordinary surfaces. The
fact that a surface S is quasi-ordinary relative to a given projection does
not mean that it is quasi ordinary relatively to another projection. The sit-
uations changes if the limit of tangents of the surface is finite. This fact is a
key argument in the proofs of Theorems 6 and 7. These Theorems relate the
logarithmic limit of tangents of a surface with its discriminant, in the spirit
of one of the statements of Theorem 1.4.4.1 of [6]. Section 5 studies the
logarithmic limits of tangents ΣNσ (S) when σ is a singular normal crossings
point of N . Here the main tool is the first sequence of blow ups. It reduces
the computation of ΣNσ (S) when σ is a singular point of N to the compu-
tation of ΣNσ (S) when σ is a regular point of N . In section 6 we study the
behaviour of ΣNσ (S) by blow up when the non degeneracy condition Cσ(S)
does not contain Cσ(N) is verified.
In section 7 we study the behaviour of ΣNσ (S) by blow up without assum-
ing the non degeneracy condition. This is the longest and the more technical
section of the paper. In Differential Geometry it is sometimes unavoidable
the use of long computations involving systems of local coordinates. Here
the main tool is the second sequence of blow ups, that will be the building
block of the reduction of singularities procedure that decides if ΣNσ (S) = Σ
N
σ ,
when σ is a regular point of N .
In section 8 we state the main results and use them to compute several
limits of tangents.
The second named author would like to thank Bernard Teissier and Le
Dung Trang, who showed him the beauty of Singularity Theory.
2. Logarithmic Contact Geometry
All manifolds considered in this paper are complex analytic manifolds.
Let N be a normal crossings divisor of a manifold M . We will denote by
Ω1M〈N〉 the sheaf of logarithmic differential forms on M with poles along N .
If N = ∅, Ω1M〈N〉 equals the sheaf Ω
1
M of differential forms on M .
We will denote by T ∗〈M/N〉 the vector bundle with sheaf of sections
Ω1M〈N〉. We call πM : T
∗〈M/N〉 → M the logarithmic cotangent bundle of
M with poles along N . If N = ∅, T ∗〈M/N〉 equals the cotangent bundle
T ∗M of M .
There is a canonical logarithmic 1-form θN on T
∗〈M/N〉 that coincides
with the canonical 1-form θ of T ∗M outside of π−1M (N).
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We call the projectivization πM : P
∗〈M/N〉 → M of T ∗〈M/N〉 the loga-
rithmic projective cotangent bundle of M with poles along N .
Example 1. Assume (x1, ..., xn) is a system of coordinates on a open set U
of M such that N ∩ U = {x1 · · · xν = 0}. Given a differential form ω on U
there are holomorphic functions a1, ..., an ∈ OM (U) such that
ω =
ν∑
i=1
ai
dxi
xi
+
n∑
i=ν+1
aidxi.
There are ξ1, ..., ξn ∈ OT ∗〈M/N〉(π
−1
M (U)) such that
θN =
ν∑
i=1
ξi
dxi
xi
+
n∑
i=ν+1
ξidxi.
Assume dimM = n. Let Γ be an analytic subset of dimension n of T ∗M .
We say that Γ is conic if Γ is invariant by the action of C∗ on the fibers of
T ∗M . We say that Γ is a Lagrangian variety if the symplectic form dθ of
T ∗M vanishes on the regular part of Γ. Notice that Γ is a conic Lagrangian
variety if and only if θ vanishes on the regular part of Γ.
We identify M with the graph of the zero section of T ∗M . There is a
canonical map γ : T ∗M \M → P∗M . We say that an analytic subset Γ
of P∗M is a Legendrian variety of P∗M if γ−1(Γ) is a (conic) Lagrangian
variety of T ∗M .
Let S be a closed irreducible analytic subset of M . We call conormal of
S to the smallest Legendrian variety Γ of P∗M such that πM (Γ) = S. We
will denote it by P∗SM . If S has irreducible components Si, i ∈ I, we set
P∗SM = ∪iP
∗
Si
M .
Let Γ be a closed analytic subset of P∗〈M/N〉. Set Γ′ = Γ ∩ P∗(M \N).
We say that Γ is a Legendrian variety of P∗〈M/N〉 if Γ′ is a Legendrian
variety of P∗(M \N) and Γ is the closure of Γ′.
Let S be an analytic subset of M such that S equals the closure of S \N .
We call conormal of S to the closure P∗S〈M/N〉 of P
∗
S\N(M \N)
Given an irreducible Legendrian variety Γ of P∗〈M/N〉, Γ = P∗S〈M/N〉,
where S = πM (Γ). The proof follows the arguments of the equivalent proof
in the classical case.
Lemma 2. (see [8]) Assume N smooth. Then there is a canonical immer-
sion of P∗N into P∗〈M/N〉. If Γ is a Legendrian variety of P∗〈M/N〉, then
Γ0 = Γ ∩ π
−1
M (N) ⊂ P
∗N.
Moreover, Γ0 is a Legendrian variety of P
∗N .
Section 5 studies the intersection of Γ with π−1M (N) when N is a singular
normal crossings divisor.
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3. Logarithmic Limits of Tangents
Let M be a germ of a complex manifold of dimension 3 at a point o. Let
N be a normal crossings divisor of M . Let S be a surface of M . Let
ΣNo (S) = P
∗
S〈M/N〉 ∩ P
∗
o〈M/N〉
be the logarithimc limit of tangents of S along N at the point o.
If N is empty we get the usual definition of limit of tangents of S at o. If
N is smooth, set
ΣNo = P
∗
oN ⊂ P
∗
o〈M/N〉.
Lemma 3. If N is smooth, ΣNo (S) ⊂ Σ
N
o .
Proof. It follows from Lemma 2. 
Let ρ be a submersion of M into a smooth surface X. We say that ρ is
compatible with N if ρ−1(ρ(N)) = N .
Let Ξρ(S) be the apparent contour of S relatively to the projection ρ. Let
∆ρ(S) = ρ(Ξρ(S)) be the discriminant of S relatively to ρ.
Assume ρ is compatible with N . We call the closure ΞNρ (S) of Ξρ(S) \N
the logarithmic apparent contour along N of S relatively to ρ.
We call logarithmic singular set of S with respect to N to the closure
SingN (S) of Sing(S) \N , where Sing(S) is the singular locus of S.
We will fix systems of local coordinates (x, y, z), [(x, y)] on M [X] such
that o = (0, 0, 0) and ρ(x, y, z) = (x, y). We set ∆z(S) = ∆ρ(S).
Lemma 4. If ρ is compatible with N and ∆ρ(S) ⊂ ρ(N),
ΣNo (S) = {(0 : 0 : 1)}.
Proof. We can assume N = {x = 0} or N = {xy = 0}.
Consider the first case. The surface S admits a parametrization
(2) x = tk, z = tnϕ(t, y),
where ϕ ∈ C{t, y} and ϕ(0, 0) 6= 0. Replacing (2) in
(3) ξ
dx
x
+ ηdy + ζdz
we conclude that P∗S〈M/N〉 is contained in the image, by (t, y; ξ : η : ζ) 7→
(tk, y, tnϕ(t, y); ξ : η : ζ), of the set defined by the equations
kξ + tn(nϕ+ t∂tϕ)ζ = 0, η + t
n∂yϕζ = 0.
The proof in the second case is similar. 
Given σ ∈ S, let mσ(S) denote the multiplicity of S at σ.
Lemma 5. Assume N = {x = 0}, S admits a fractional power expan-
sion z = xλyµϕ(x1/d, y1/d), with ϕ(0, 0) 6= 0, (λ, µ) ∈ Q2 \ Z2, µ 6= 0 and
SingN (S) = {y = z = 0}. The following statements are equivalent:
(a) ΣNo (S) = {(0 : 0 : 1)},
(b) ΣNo (S) 6= Σ
N
o ,
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(c) µ ≥ 1,
(d) there is a neighbourhood U of o such that mσ(S) = mo(S) for each
σ ∈SingN (S) ∩ U .
Proof. The equivalence between (c) and (d) follows from well known facts
on quasi-ordinary surfaces. The prove that (a) follows from (c) is similar to
the proof of Lemma 4. Moreover, (a) implies (b).
Assume µ < 1. There are positive integers m,n, k such that n < k and
(4) x = tk, y = sk, z = tmsnϕ(t, s)
is a parametrization of S. Replacing (4) in (3) we conclude that
(5) kη + tmsn−k(mϕ+ s∂sϕ)ζ = 0.
Setting s = Ctm/(k−n) in (5) and taking limits we conclude that
kη + Cn−kmϕ(0, 0)ζ = 0.
Hence the limits of tangents along the curves
x = tk, y = Ctmk/(k−n), z = tmk/(k−n)ϕ(t, Ctm/(k−n))
of S are dense in ΣNo . Therefore (b) is false. 
Theorem 6. Assume o ∈ S ∩ N is a smooth point of N and the singular
locus of S is contained in N in a neighbourhood of o. Let ρ be a projection
compatible with N . Then ΣNo (S) = Σ
N
o if and only if o ∈ Ξ
N
ρ (S).
Proof. We can assume S irreducible. There is a system of local coordinates
(x, y, z) centered at o such that N = {x = 0} and S = {F = 0}, for some
F ∈ C{x, y, z}.
Assume o 6∈ ΞNρ (S). Then S admits a fractional power series expansion
z = ϕ(x1/d, y), where ϕ ∈ C{x1/d, y}, for some positive integer d, and there
are aℓ ∈ C{y} such that x = t
k,
(6) ϕ(t, y) =
∑
ℓ
aℓ(y)t
ℓ and aℓ = 0 or aℓ(0) 6= 0,
for each ℓ. By Lemma 4, ΣNo (S) = 〈dz〉.
Set ρλ(x, y, z) = (x, y + λz). In order to prove the other implication it is
enough to show that, for each λ ∈ C,
(7) o 6∈ ΞNρ (S) if and only if o 6∈ Ξ
N
ρλ
(S).
Notice that if o ∈ Ξρλ(S) for each λ ∈ C,
〈dy − λdz〉 ∈ Σo(S), for each λ ∈ C.
Let us prove (7). Assume o 6∈ ΞNρ (S). Set Φ(x, y, z) = (x, y − λz, z), G =
F ◦ Φ. Set h(t, y, z) = z − ϕ(t, y + λz). There is ψ ∈ C{t, y} such that
h(t, y + λψ(t, y), z) = 0. Hence
(8) ψ(t, y) = ϕ(t, y + λψ(t, y))
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and G admits the fractional power series expansion z = ψ(x1/d, y). More-
over, there are bk ∈ C{y} such that
ψ(t, y) =
∑
k
bk(y)t
k and bk = 0 or bk(0) 6= 0.
Therefore ∆zG ⊂ {x = 0}. 
Theorem 7. Assume SingN (S) is transversal to N at o. Let ρ be a projec-
tion compatible with N . Then ΣNo (S) 6= Σ
N
o if and only if o 6∈ Ξ
N
ρ (S) \ Sing
N (S)
and there is an open neighbourhood U of o such that mσ(S) = mo(S), for
each σ ∈SingN(S) ∩ U .
Proof. We can assume that S irreducible, N = {x = 0} and SingN (S) =
{y = z = 0}. Therefore S admits a fractional power expansion
(9) z = xµyνϕ(x1/d, y1/d),
where ϕ ∈ C{x, y}, ϕ(0, 0) 6= 0 and µ, ν ∈ Q, for some positive integer d.
After an eventual a change of coordinates, we can assume (µ, ν) 6∈ Z2.
Let us show that the condition is sufficient. Since SingN (S) is transversal
to N at o, ν 6= 0. Since σ ∈ SingN (S) ∩ U implies mσ(S) = mo(S), ν ≥ 1.
Hence, by Lemma 5, ΣNo (S) = 〈dz〉.
Assume ΣNo (S) 6= Σ
N
o . By Lemma 5, ν ≥ 1. Hence the condition on mσ(S)
is verified. Moreover, there is λ ∈ C such that
o 6∈ ΞNρλ(S) \ Sing
N (S).
Therefore it is enough to show that, for each λ ∈ C,
(10) o 6∈ ΞNρ (S) \ Sing
N (S) if and only if o 6∈ ΞNρλ(S) \ Sing
N (S).
Set x∗ = x, y∗ = y − λz, z∗ = z, x = t
d, y = sd, y∗ = s
d
∗,
f(t, s) = tµds(ν−1)dϕ(t, s).
Assume that there is ψ ∈ C{t, s∗} such that
(11) s = s∗(1 + t
µds
(ν−1)d
∗ ϕ(t, s∗)ψ(t, s∗)).
There are ak ∈ C
∗, bα,β ∈ C, with k ≥ 1, α, β ≥ 0 such that b0,0 = 0,
(1− u)1/d =
∑
k
aku
k and f(t, s) =
∑
α,β
bα,βt
αsβ.
Replacing (9) in y∗ = y − λz, we conclude that
(12) s∗ = s(1 +
∑
k
akλ
kfk(t, s)),
Replacing (11) in (12), we show that
(13) ψf + (1 + ψf)(1 +
∑
k≥1
akλ
kfk(t, s∗(1 + ψf))) = 0.
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There are cα,β ∈ C, depending only on the bα,β’s, such that
(14) f(t, s∗(1 + ψf(t, s∗)) = f(t, s∗)[1 +
∑
α,β≥0
β∑
j=1
cαβt
αsβ∗ψ
jf j−1(t, s∗)].
Setting
εψ(t, s∗) = 1 +
∑
α,β≥0
β∑
j=1
cαβt
αsβ∗ψ
jf j−1(t, s∗).
we can rewrite equality (13) as
(15) ψ + (1 + ψf)
∑
k≥1
akλ
kfk−1εkψ = 0,
Hence ψ is well defined. Furthermore, ψ(0, 0) = λ/d. Hence, for each
λ ∈ C∗, S admits a fractional power series expansion z∗ = x
µ
∗y
ν
∗φ(x
1/d
∗ , y
1/d
∗ )
with φ(0, 0) 6= 0. Therefore o 6∈ ΞNρλ(S) \ Sing
N (S). 
4. A logarithmic version of a classical result
Let M be a germ of a complex manifold of dimension 3 at a point o. Let
π : M˜ →M be the blow up ofM at o. Set E = π−1(o). Let π̂ : P∗〈M˜/E〉 →
P∗M be the blow up of P∗M along the Legendrian variety π−1M (o). If follows
from Proposition 9.4 of [8] that diagram (1) commutes. We will also denote
by π̂ the bimeromorphic map from a dense open set of T ∗〈M˜/E〉 into T ∗M
that induces π̂.
Let ℓ be a line of ToM that contains the origin. Let Σℓ be the set of planes
of ToM that contain ℓ. Let γ be the germ at o of a smooth curve of M with
tangent space ℓ. The point oℓ where the strict transform of γ intersects E
does not depend on γ.
Theorem 8. Let S be a surface of M . Then Σo(S) is the union of the dual
of the projectivization of Co(S) and a finite set of projective lines of P
∗
oM .
Moreover, Σℓ ⊂ Σo(S) if and only if Σ
E
oℓ
(S˜) = ΣEoℓ.
Proof. Let ℓ ∈ P(ToM). Choose local coordinates (x, y, z) of M such that
ℓ = {y = z = 0}. Setting x0 = x, y0 = y/x, z0 = z/x, (x0, y0, z0) is a
system of local coordinates on an affine set U of M˜ , centered at oℓ such that
E ∩ U = {x0 = 0}. Let
ξ0
dx0
x0
+ η0dy0 + ζ0dz0
be the canonical 1-form of T ∗〈M˜/E〉 in a neighbourhood of oℓ. Since
π̂∗ (ξdx+ ηdy + ζdz) = (xξ + yη + zζ)
dx0
x0
+ xηdy0 + xζdz0,
in a neighbourhood of oℓ, π̂ induces a map π̂ℓ : P
∗
oℓ
〈M˜/E〉 → P∗oM given by
π̂ℓ(ξ0 : η0 : ζ0) = (ξ0 : η0 : ζ0).
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Therefore
(16) π̂(P∗oℓE) = Σℓ.
Since π̂
(
P∗
S˜
〈M˜/E〉
)
= P∗SM ,
π̂
(
P∗
S˜
〈M˜/E〉 ∩ P∗E
)
= Σo(S).
Since P∗
S˜
〈M˜/E〉∩π−1
M˜
(E) = P∗
S˜
〈M/E〉∩P∗E is a Legendrian variety of P∗E
and
π
M˜
(
PS˜〈M˜/E〉 ∩ P
∗E
)
= S˜ ∩ E,
there are ℓ1, ..., ℓk ∈ P (ToM) such that
P∗
S˜
〈M˜/E〉 ∩ P∗E = P∗
S˜∩E
E ∪ ∪ki=1P
∗
oℓi
E.
Since S˜ ∩ E ≃ Proj(Co(S)), π̂
(
P∗(S˜ ∩E)
)
equals the dual of Proj(Co(S)).
The Theorem follows from (16). 
5. The First Sequence of Blow-Ups
Let M be a germ of a complex manifold of dimension 3 at a point o.
Let ρ be a submersion of M into a smooth surface X. We will fix systems
of local coordinates (x, y, z), [(x, y)] on M [X] such that o = (0, 0, 0) and
ρ(x, y, z) = (x, y). Let
(17) ξ
dx
x
+ η
dy
y
+ ζdz
be the canonical 1-form θN of T
∗〈M/N〉. Given (a : b) ∈ P1, set
ΣNo (a : b) = {(ξ : η : ζ) ∈ P
∗
o〈M/N〉 : bξ + aη = 0}.
Let π : M˜ →M be the blow up of M along the singular locus Nσ of N . Set
N˜ = π−1(N). Let π̂ : T ∗〈M˜/N˜〉 → T ∗〈M/N〉 be the blow up of T ∗〈M/N〉
along π−1M (N
σ). There is a commutative diagram
(18)
T ∗〈M/N〉 ← T ∗〈M˜/N˜〉
↓ ↓
M ← M˜
Set x0 = x, y0 = y/x and z0 = z.
Lemma 9. Let o1 ∈ π−1(o). The following statements hold:
(a) The map π̂ induces a linear isomorphism π̂ : T ∗o1〈M˜/N˜〉 → T
∗
o 〈M/N〉
given by
(19) (ξ0, η0, ζ0) 7→ (ξ0 − η0, η0, ζ0).
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(b) If o1 = (0, 0, 0),
(20) π̂
(
ΣN˜o1(a : b)
)
= ΣNo (a+ b : b).
(c) If o1 = (0, µ, 0), with µ 6= 0,
(21) π̂
(
ΣN˜o1
)
= ΣNo (1 : 1).
(d) Assume (a : b) 6= (1 : 1), o1 = (0, 0, 0) and o2 is the other point of
π−1(o) such that N˜ is singular at o2. Then Σ
N
o (S) ⊃ Σ
N
o (a : b) if and
only if
ΣN˜o1(S˜) ⊃ Σ
N˜
o1(a− b, b) or Σ
N˜
o2(S˜) ⊃ Σ
N˜
o2(a, b− a).
Proof. Statement (a) follows from the fact that
π̂∗θN = (ξ + η)
dx0
x0
+ η
dy0
y0
+ ζdz0.
in a neighbourhood of o1. Statements (b) and (c) follow from statement (a).
Since P∗S〈M/N〉 ⊂ π̂
(
P∗
S˜
〈M˜/N˜〉
)
,
P∗S〈M/N〉 ∩ π
−1
M (o) ⊂ π̂
(
P∗
S˜
〈M˜/N˜ 〉 ∩ π−1
M˜
(π−1(o))
)
.
Therefore
(22) ΣNo (S) ⊂ ∪s∈S˜∩π−1(o)π̂
(
ΣN˜s (S˜)
)
.
Statement (d) follows from (22) and statements (b) and (c). 
10. Set M0 =M, N0 = N, X0 = X, S0 = S, ρ0 = ρ.
Let ρℓ : Mℓ → Xℓ be a holomorphic submersion, Let Nℓ be a normal
crossings divisor of Mℓ. Let Sℓ be a surface of Mℓ.
Let Dℓ be intersection of the closure of ∆ρℓ(Sℓ) \ ρ(Nℓ) and ρ(N
σ
ℓ ).
Let τℓ+1 : Xℓ+1 → Xℓ be the blow up of Xℓ along Dℓ. Let πℓ+1 : Mℓ+1 →
Mℓ be the blow up of Mℓ along ρ
−1
ℓ (Dℓ). Let Sℓ+1 be the strict transform
of Sℓ by πℓ+1. By the universal property of the blow-up there is a map
ρℓ+1 : Mℓ+1 → Xℓ+1 such that ρℓπℓ+1 = τℓ+1ρℓ+1. Moreover, ρℓ+1 is a
submersion. Hence we can iterate the process.
There is an integer L such that DL = ∅. Hence the procedure described
in paragraph 10 will terminate. Set π = π1 ◦ · · · ◦ πL. We call the map
π :ML →M the first sequence of blow-ups.
Theorem 11. Assume N has two irreducible components and S∩Nσ = {o}.
There are positive integers a1, ..., an, b1, ..., bn such that
ΣNo (S) ⊂ ∪
n
i=1Σ
N
o (ai : bi).
Moreover, ΣNo (S) contains a projective line if and only if there is a regular
point o1 of NL such that Σ
NL
o1 (SL) = Σ
NL
o1 .
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Proof. Let σ ∈ SL. If σ is a singular point of NL,
∆ρL(SL) = ρL(NL).
Assuming NL = {xy = 0} in a neighbourhood of σ, it follows from Lemma
4 that ΣNLσ = {(0 : 0 : 1}.
Assume L = 1. It follows from statements (a) and (c) of Lemma 9 that
ΣNo (S) ⊂ Σ
N
o (1 : 1).
The induction step follows from statement (d) of Lemma 9. 
6. The Non Degenerated Case
Let N be a smooth divisor of a manifold M of dimension 3. Let S be a
surface of M that does not contain N . Let o ∈ S ∩N . Let π0 : M0 →M be
the blow up of M with center o. Let N˜ be the strict transform of N . Let
S0 denote the strict transform of S. Set N0 = (π
0)−1(N), E = (π0)−1(o).
We say that S is non degenerated at o if Co(S) does not contain Co(N).
Lemma 12. There is an open set P◦〈M0/N0〉 of P
∗〈M0/N0〉 and an holo-
morphic map π0 : P
◦〈M0/N0〉 → P
∗〈M/N〉 such that the diagram
(23)
P∗〈M/N〉
π0←− P◦〈M0/N0〉
πM ↓ ↓ πM0
M
π0
←− M0
commutes and
(a) P∗(M \N) →֒ P◦〈M0/N0〉,
(b) π0|P∗(M0\E) : P
∗(M0 \E)→ P
∗(M \ {o}) is a contact transformation,
(c) for each Legendrian surface Γ of P∗〈M/N〉, Γ ⊂ π0(P
◦〈M0/N0〉),
(d) for each Legendrian surface Γ0 of P
∗〈M0/N0〉, Γ0 ⊂ P
◦〈M0/N0〉.
Proof. AssumeM is an affine set with coordinates (x, y, z) andN = {x = 0}.
The manifold M0 is the gluing of the open affine sets Vi, i = 1, 2, 3, with
coordinates (xi, yi, zi) such that
(1) x1 = x, y1 = y/x, z1 = z/x;
(2) x2 = x/y, y2 = y, z2 = z/y;
(3) x3 = x/z, y3 = z, z3 = y/z.
Let π′0 : P
∗(M0 \E)→ P
∗(M \ {o}) be the contact transformation such that
πM ◦ π
′
0 = π
0 ◦ πM0 .
Let π0,i be the restriction of π
′
0 to π
−1
M0
(Vi \N0), i = 1, 2, 3. Since
π∗0,1(ξ
dx
x
+ ηdy + ζdz) = (ξ + yη + zζ)
dx1
x1
+ xηdy1 + xζdz1,
ξ1 = ξ + yη + zζ, η1 = xη and ζ1 = xζ. Hence
π0,1(x1, y1, z1; ξ1 : η1 : ζ1) = (x1, x1y1, x1z1;x1(ξ1 − y1η1 − z1ζ1) : η1 : ζ1).
Therefore π0,1 is defined outside of B1 = {x1 = η1 = ζ1 = 0}.
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The canonical 1-form of T ∗〈V2/N0 ∩ V2〉) [T
∗〈V2 \ N˜/(E \ N˜) ∩ V2〉] is
ξ2
dx2
x2
+ η2
dy2
y2
+ ζ2dz2
[
ξ′2dx2 + η2
dy2
y2
+ ζ2dz2,
]
,
where ξ2 = x2ξ
′
2 if x2 6= 0. Since
π∗0,2(ξ
dx
x
+ ηdy + ζdz) = ξ
dx2
x2
+ (ξ + yη + zζ)
dy2
y2
+ yζdz2,
π0,2 is given by x = x2y2, y = y2, z = y2z2,
(24) ξ = y2ξ2, η = η2 − ξ2 − z2ζ2, ζ = ζ2.
Therefore π0,2 is defined outside of {y2 = η2−ξ2 = ζ2 = 0}. Since ξ2 = x2ξ
′
2,
when x2 6= 0, π0,2 is defined outside of the union of the sets
B2 = {x2 = y2 = η2 − ξ2 = ζ2 = 0},
B′2 = {y2 = η2 − x2ξ
′
2 = ζ2 = 0, x2 6= 0}.
Let Γ0 be a Legendrian variety of P
∗〈M0/N0〉. Since B1 ∩ {ξ1 = 0} = ∅,
Γ0 ∩B1 = ∅ by Lemma 2. By a similar argument Γ0 ∩B
′
2 = ∅. By Theorem
11, Γ0 ∩B2 = ∅. We apply the same reasoning to V3. 
Lemma 13. If ΣNo (S) is finite, Co(S) is a union of planes.
Proof. Let L be an irreducible component of S0∩E. Notice that if L = N˜∩E,
L is the projectivization of Co(N). Assume L 6= N˜ ∩ E. By Bezout’s
Theorem, there is σ ∈ L ∩ N˜ . We can assume that σ is the origin of V2.
Let γ be an irreducible component of the germ of L at σ. There is a local
parametrization of γ of the type
x2 = ε1(t)t
k1 , y2 = 0, z2 = ε2(t)t
k2 ,
such that k1, k2 are positive integers, (k1, k2) = 1, ε1, ε2 ∈ C{t} and ε1 6≡ 0.
Furthermore, we can assume
(a) if ε2 ≡ 0, ε1 ≡ 1 and k1 = 1,
(b) if kj ≥ kn, εn ≡ 1 and εj(0) 6= 0,
where j, n ∈ {1, 2} and j 6= n. Therefore P∗γ(N0 \ N˜) admits a parametriza-
tion
x2 = ε1(t)t
k1 , y2 = 0, z2 = ε2(t)t
k2 , ξ2 = −δ(t)t
k2ζ2, η2 = 0,
where δ(t) = ε1(t)(k2ε2(t) + ε
′
2(t)t)/(k1ε1(t) + ε
′
1(t)t).
Since ΣNo (S) 6= Σ
N
o , π0(P
∗
γ(N0 \N˜ )) is a point. By (24), δ = ε2. Therefore
(25) (k2 − k1)ε1ε2 + t(ε1ε
′
2 − ε
′
1ε2) = 0.
If ε2 = 0, γ is contained in a projective line. Hence L is a projective line.
Assume ε2(0) 6= 0. Then k2 − k1 = 0. Hence we can assume k2 = 1, ε1 = 1.
Replacing k1, k2 and ε1 in (25), we conclude that ε
′
2 = 0. Therefore ε2 ∈ C
∗.
Hence L is a projective line. 
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Theorem 14. Assume S is non degenerated at o. Then ΣNo (S) is finite if
and only if Co(S) is a union of planes and for each σ ∈ S0 ∩E, Σ
N0
σ (S0) is
finite.
Proof. By Lemma 13, S0 ∩ E is a union of projective lines Li, i = 1, ..., n.
Since S is non degenerated, there are σ1, ..., σn such that
S0 ∩ E ∩ N˜ = {σ1, ..., σn}.
Moreover, there are points o1, ..., om of (S0 ∩ E) \ N˜ such that
P∗S0〈M0/N0〉 ∩ π
−1
M0
(E) = ∪iP
∗
LiE ∪ ∪iΣ
N0
σi (S0) ∪ ∪iΣ
N0
oi .
By Lemma 12,
ΣNo (S) ⊂ π0(∪iP
∗
LiE ∪ ∪iΣ
N0
σi (S0) ∪ ∪iΣ
N0
oi ).
By the arguments of Lemma 13, π0(P
∗
Li
E) is a point, for i = 1, ..., n. The
type of arguments used in Theorem 8 show that π0(Σ
N0
σi (S0)) is finite if and
only if ΣN0σi (S0) is finite, i = 1, ..., n and π0(Σ
N0
oi ) is infinite for i = 1, ...,m.
Hence ΣNo (S) is finite if and only if Σ
N0
σi (S0) is finite, i = 1, ..., n and
m = 0. 
7. The Second sequence of Blow-ups
We will introduce a generalization for surfaces of a construction for curves
that was introduced in [3]. Given non negative integers a0, a1, ..., ag assume
that a1, ..., ag ≥ 1 or g = 1, a1 = 0. Set [a0, 0] = ∞, [a0] = a0. If g, ag ≥ 1,
set
[a0, ..., ag ] = a0 + [a1, ..., ag ]
−1.
Assuming ag ≥ 2, [a0, ..., ag ] = [a0, ..., ag − 1, 1]. It is well known that each
positive rational number is described by exactly two continuous fractions.
If α = [a0, ..., ag] we call length of α to |α| = a0 + · · · + ag. Set n∞ = 1,
d∞ = 0. If α = a/b where a, b are positive integers such that (a, b) = 1, set
nα = a, dα = b, eα = a+ b.
Let α be a positive rational number, α = [a0, ..., ag]. If α is an integer,
set αω = α − 1, απ = ∞. Otherwise, g ≥ 1. Moreover, we can assume
ag ≥ 2. Set αω = [a0, ..., ag − 1] and απ = [a0, ..., ag−1] if g even, otherwise
set αω = [a0, ..., ag−1] and απ = [a0, ..., ag − 1].
Assume α = 1 or ag ≥ 2. Set αs = [a0, ..., ag−1, ag − 1, 2] and αb =
[a0, ..., ag−1, ag + 1] if g even, otherwise set αs = [a0, ..., ag−1, ag + 1] and
αb = [a0, ..., ag−1, ag − 1, 2]. Notice that αs and αb are the only rationals
such that αsπ = αbω = α. Moreover, αsω = αω, αbπ = απ,
αs =
nα + nαω
dα + dαω
, αb =
nα + nαπ
dα + dαπ
,
eα + eαπ = eαb and eα + eαω = eαs .
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15. Let M be the germ of a complex analytic manifold of dimension 3 at a
point o. Let N be a smooth surface of M . Let S be a singular surface of M .
Assume that N is not an irreducible component of S and Co(S) ⊃ Co(N).
Let π0 : M0 → M be the blow up of M at o. Set N0 = (π0)−1(N) and
E0 = (π0)−1(o). Let S0 be the strict transform of S by π0. Notice that S0
contains the singular locus Z0 of N0.
Let Nk be a normal crossings divisor of a manifold Mk of dimension 3.
Let Sk be a singular surface of Mk. Let Zk be the union of the connected
components of the singular locus of Nk that are contained in Sk.
We iterate the process defining πk+1 :Mk+1 →Mk as the blow up of Mk
along Zk, defining Sk+1 as the strict transform of Sk by πk+1 and setting
Nk+1 = (πk+1)−1(Nk), Ek+1 = (πk+1)−1(Zk).
This process will terminate after a finite number k0 of steps.
The intersection of Sk0 with the singular locus of Nk0 is a finite set.
We will now perform the first sequence of blow-ups at each point of this
intersection.
We obtain in this way a map π : M˜ →M , a normal crossings divisor N˜ of
M˜ and a singular surface S˜ of M˜ . We call π : M˜ →M the second sequence
of blow-ups.
LetM (α) be the gluing of the affine sets Uα,i, with coordinates (uα,i, vα,i, wα,i),
i = 1, 2, 3, 4, by the transformations
vα,3 = vα,1w
eα
α,1, wα,3 = w
−1
α,1, uα,3 = uα,1w
−eαπ
α,1 ;
vα,4 = vα,2w
−eα
α,2 , wα,4 = w
−1
α,2, uα,4 = uα,2w
eαω
α,2 ;
vα,2 = v
−1
α,1, wα,2 = wα,1, uα,2 = uα,1vα,1.
Let E(α), Nαb , N
α
s be defined by
E(α) ∩ Uα,i = {uα,i = 0}, i = 1, 2, 3, 4;
Nαb ∩ Uα,i = {vα,i = 0} i = 1, 3, N
α
b ∩ Uα,i = ∅, i = 2, 4;
Nαs ∩ Uα,i = {vα,i = 0} i = 2, 4, N
α
s ∩ Uα,i = ∅, i = 1, 3;
Set
Zαb = E(α) ∩Nαb , Z
αs = E(α) ∩Nαb ,
M
(α)
b =M
(α) \Nαs , M
(α)
s =M
(α) \Nαb .
We will denote by
Nαbs [N
αs
s , N
αb
b , N
αs
b ]
the strict transform of E(α) [Nαs , N
α
b , E
(α)] by the blow up ofM
(α)
b [M
(α)
s ,M
(α)
b ,M
(α)
s ]
along Zαb [Zαs ,Zαb ,Zαs ].
Lemma 16. Assume M is an affine set with coordinates (x, y, z), N = {x =
0}, o is the origin and k ≥ 1. Then the following statements hold:
There are finite sets Ikb , I
k
s ⊂ Q such that M
k is a gluing of the manifolds
M
(α)
b , α ∈ I
k
b , M
(α)
s , α ∈ I
k
s ;
For each α ∈ Ikb , E
k ∩M
(α)
b ⊂ E
(α), Nk ∩M
(α)
b ⊂ E
(α) ∪Nαb .
For each α ∈ Iks , E
k ∩M
(α)
s ⊂ E(α), Nk ∩M
(α)
s ⊂ E(α) ∪Nαs .
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For each α, Zα is a projective line.
The restriction παb : M (αb) →M (α) \Nαs of π
k+1 : Mk+1 →Mk is given by
uα,i = uαb,i, vα,i = uαb,ivαb,i wα,i = wαb,i, i = 1, 3,
uα,i−1 = uαb,ivαb,i, vα,i−1 = uαb,i wα,i−1 = wαb,i, i = 2, 4,
The restriction παs :M (αs) →M (α) \Nαb of π
k+1 : Mk+1 →Mk is given by
uα,i+1 = uαs,ivαs,i, vα,i+1 = uαs,i wα,i+1 = wαs,i, i = 1, 3,
uα,i = uαs,i, vα,i = uαs,ivαs,i, wα,i = wαs,i, i = 2, 4.
Proof. The manifold M0 is the gluing of the affine sets Vi introduced at the
proof of Lemma 12. Remark that Z1 is a projective line contained in V2∪V3.
Moreover, I1b = I
1
s = {1}. Setting
u1,1 = x2, v1,1 = y2/x2, w1,1 = z2;
u1,2 = y2, v1,2 = x2/y2, w1,2 = z2;
u1,3 = x3, v1,3 = y3/x3, w1,3 = z3;
u1,4 = y3, v1,4 = x3/y3, w1,4 = z3.
we conclude that the lemma holds for k = 1.
Assume |α| = k. If Zαb ⊃ Sk, [Zαs ⊃ Sk] we withdraw α from Ikb [I
k
s ]
and include αb into I
k+1
b and I
k+1
s . Defining uαb,i, vαb,i, wαb,i in such a way
that παb is as proposed in this Lemma, we conclude that
uαb,3 = uα,3 = uα,1w
−eαπ
α,1 = uαb,1w
−eαbπ
αb,1
,
vαb,3 = vα,3u
−1
α,3 = vα,1w
eα
α,1u
−1
α,1w
eαπ
α,1 = vα,1u
−1
α,1w
eα+eαπ
α,1 = vαb,1w
eαb
αb,1
and wαb,3 = wα,3 = wα,1 = wαb,1. 
Let π(α) : E(α) → Zα be the restriction of πα. Let C be an irreducible
curve of E(α). We say that C is well behaved if C is a fiber of π(α) or C is
the graph of a section of π(α) such that C ∩ Zαb = ∅ and C intersects Z
α
s at
exactly one point with multiplicity eα.
We are now able to state the main theorem of this section. We will prove
it at the end of the section.
Theorem 17. Let M be a germ of a complex analytic manifold at a point
o. Let N be a smooth surface of M . Let S be a singular surface of M . Let
π : M˜ → M be the second sequence of blow-ups. Then ΣNo (S) = Σ
N
o if and
only if one of the following conditions is verified:
(a) The tangent cone of S is not a union of planes
(b) There is an integer k and an irreducible component of Sk ∩ Ek that is
not well behaved.
(c) There is a regular point o1 of N˜ such that Σ
N˜
o1(S˜) ⊃ Σ
N˜
o1.
We have contact transformations
πk+1 : P
∗〈Mk+1/Nk+1〉 → P∗〈Mk/Nk〉,
k ≥ 0, such that the diagrams
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P∗〈Mk/Nk〉
πk+1
←− P∗〈Mk+1/Nk+1〉
πMk ↓ ↓ πMk+1
Mk
πk+1
←− Mk+1
commute. Set τk = π2 ◦ · · · ◦ πk : Mk →M1,
τk = π2 ◦ · · · ◦ πk : P
∗〈Mk/Nk〉 → P ∗〈M1/N1〉, k ≥ 2.
Let α ∈ Ikb ∪ I
k
s . Let i ∈ {1, 2, 3, 4}. There is a system of coordinates
(uα,i, vα,i, wα,i; ξα,i : ηα,i : ζα,i) on Wα,i = π
−1
Mk
(Uα,i) such that
(26) ξα,i
duα,i
uα,i
+ ηα,i
dvα,i
vα,i
+ ζα,idwα,i
is the restriction to Wα,i of the canonical 1-form of T
∗〈Mk/Nk〉.
Lemma 18. If |α| = k and α > 1, τk(Wα,i ∩ π
−1
Mk
(Ek)) ⊂W1,1 ∩ π
−1
M1
(Z1),
i = 1, 2 and τk(Wα,i ∩ π
−1
Mk
(Ek)) ⊂W1,3 ∩ π
−1
M1
(Z1), i = 3, 4. Moreover, the
restriction of τk to Wα,i ∩ π
−1
Mk
(Ek) is given by
w1,1 = wα,1 = wα,2, w1,3 = wα,3 = wα,4, ζ1,1 = ζα,1 = ζα,2, ζ1,3 = ζα,3 = ζα,4;
ξ1,i = nαπξα,i − nαηα,i, η1,i = dαηα,i − dαπξα,i, if i = 1, 3;
ξ1,i = nαηα,i − nαωξα,i, η1,i = dαωξα,i − dαηα,i, if i = 2, 4.
Proof. If i = 1, 3, the pull-back by πk+1|Wαb,i of (26) equals
(ξα,i + ηα,i)
duαb,i
uαb,i
+ ηα,i
dvαb,i
vαb,i
+ ζαb,idwαb,i.
Hence πk+1|Wαb,i∩π
−1
Mk
(Ek) is given by the relations
wα,i = wαb,i ξα,i = ξαb,i − ηαb,i, ηα,i = ηαb,i, ζα,i = ζαb,i.
Therefore the restriction of τk+1 to Wαb,i ∩ π
−1
Mk+1
(Ek+1) is given by
ξ1,i = nαπξα,i − nαηα,i = nαπξαb,i − (nα + nαπ)ηαb,i = nαbπξαb,i − nαbηαb,i,
η1,i = dαηα,i − dαπξα,i = (dα + dαπ )ηαb,i + dαπξαb,i = dαbηαb,i + dαbπξαb,i
and w1,i = wαb,i, ζ1,i = ζαb,i. 
There is a canonical embedding of P∗〈Ek/Zk〉 into P∗〈Mk/Nk〉. Moreover,
πk(Ek) ⊂ Zk−1, πk(P
∗〈Ek/Zk〉) ⊂ P∗〈Mk−1/Nk−1〉 ∩ π−1
Mk−1
(Zk−1).
Hence τk(P
∗〈Ek/Zk〉) ⊂ P∗〈M1/N1〉∩π−1
M1
(Z1). Therefore π0◦π1◦τk defines
a map υk : P
∗〈Ek/Zk〉 → ΣNo .
Set U ′α,i = E
k ∩ Uα,i, W
′
α,i = P
∗〈Ek/Zk〉 ∩Wα,i. Notice that
W ′α,i = {(uα,i, vα,i, wα,i; ξα,i : ηα,i : ζα,i) : uα,i = ξα,i = 0}
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and U ′α,i = {(uα,i, vα,i, wα,i) : uα,i = 0}. Moreover,
ηα,i
dvα,i
vα,i
+ ζα,idwα,i
is the restriction to W ′α,i of the canonical 1-form of T
∗〈Ek/Zk〉.
Lemma 19. If |α| = k, υk is given by
η = (−1)i+1eαηα,i − wα,iζα,i, ζ = ζα,i, if i = 1, 2,
ζ = (−1)i+1eαηα,i − wα,iζα,i, η = ζα,i, if i = 3, 4.
Proof. Assume α > 1. Let
ξ
dx
x
+ ηdy + ζdz, ξ2
dx2
x2
+ η2
dy2
y2
+ ζ2dz2, ξ3
dx3
x3
+ η3
dy3
y3
+ ζ3dz3
be the canonical 1-form of T ∗〈M/N〉, the restriction to π−1
M0
(Vi) of the canon-
ical 1-form of T ∗〈M0/N0〉, i = 2, 3. By Lemma 18 the restriction of τk to
W ′α,i is given by
w1,i = wα,i, ξ1,i = (−1)
inαηα,i, η1,i = (−1)
i+1dαηα,i, ζ1,i = ζα,i,
i=1,2,3,4. The result follows from the fact that the restriction of π0 to
P∗〈M0/N0〉 ∩ π−1
M0
(E0) is given by
η = η2 − ξ2 − z2ζ2, ζ = ζ2; η = ζ3, ζ = η3 − ξ3 − z3ζ3,
and π1 is given by
z2 = w1,1, ξ2 = ξ1,1 − η1,1, η2 = η1,1, ζ2 = ζ1,1;
z2 = w1,2, ξ2 = η1,2, η2 = ξ1,2 − η1,2, ζ2 = ζ1,2;
z3 = w1,3, ξ3 = ξ1,3 − η1,3, η3 = η1,3, ζ3 = ζ1,3;
z3 = w1,4, ξ3 = η1,4, η3 = ξ1,4 − η1,4, ζ3 = ζ1,4.
The proof in the case α < 1 is similar. Remark that eα−1 = eα. 
Lemma 20. For each α and each curve C of E(α), C intersects Zα.
Proof. Assume that C does not intersect Zα. The intersection of C with
U ′α,3 is defined by a polynomial
∑ℓ
i=0 ai(wα,3)v
i
α,3. Hence a0 ∈ C
∗.
There is an integer µ ≥ 0 such that C ∩ U ′α,1 is given by the polynomial
wµα,1(
ℓ∑
i=0
ai(w
−1
α,1)w
eαi
α,1v
i
α,1).
Since C does not intersect Zα, µ = 0. The intersection of C with U ′α,2 is
defined by
ℓ∑
i=0
ai(w
−1
α,2)w
eαi
α,2v
ℓ−i
α,2 .
Hence there is λ ∈ C∗ such that aℓ(t) = λt
eαℓ. Finally, C ∩ U ′α,4 is given by∑ℓ
i=0 ai(wα,4)v
ℓ−i
α,4 . Therefore aℓ ∈ C
∗, which leads to a contradiction. 
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Lemma 21. Let C be an irreducible curve of E(α). The image by υk of
Γ = P∗C〈E
k/Nk〉 is different from ΣNo if and only if C is well behaved
Proof. Assume υk(Γ) is different from Σ
N
o . Set
p = −ηζ−1, pi = −ηα,iζ
−1
α,i , if i = 1, 2;
p = −ζη−1, pi = −ηα,iζ
−1
α,i , if i = 3, 4.
The restriction of υk to W
′
α,i is given by
p = (−1)i+1eαpi + wα,i.
By Lemma 20, C intersects Zk at a point o1. Let C1 be a branch of the
germ of C at o1. Then C1 = {wα,i = c} or C1 admits one of the following
parametrizations
(27) vα,i = t
a, wα,i = c+ t
bε; vα,i = t
bε, wα,i = c+ t
a;
where b ≥ a and ε is a unit of C{t}. In the first case C1 is well behaved.
Assume C1 admits the first parametrization. Setting Γ1 = P
∗
C1
〈Ek/Zk〉,
Γ1 admits a local parametrization given by (27) and pi = (t
b/a)(bε + tε′).
Therefore υk(Γ1) contains the set of points p such that
p = c+ tb[((−1)i+1eα(b/a) + 1)ε+ (−1)
i+1eα(1/a)tε
′]
and |t| << 1.
This set is finite if and only if ε is the solution of an ODE tε′ + λε = 0.
Since ε is a unit, λ = 0. Hence a = (−1)ibeα. Since a, b, eα are positive, i is
even. Hence C cannot intersect Zαs . Moreover, C ∩ U
′
α,i is described by an
equation of the type
(28) vα,i = (µwα,i + ν)
eα ,
Hence C1 is the graph of a section of π
(α). The remaining case can be treated
in a similar way. Remark that in each case C = C1.
Let C be a section of π(α) verifying the statements of the lemma. Then
C is a section of the restriction π[α] of π(α) to E(α) \Zαs . Since π
[α] is a line
bundle of degree eα and C has a zero of order eα, C is of the type (28). 
Proof of Theorem 17. If (a) [(b), (c)] holds it follows from Lemma 13 [Lemma
21, Theorems 11 and 14] that ΣNo (S) = Σ
N
o .
Let πk : Mk →M be the second sequence of blow ups. Let ℓ ≤ k and let
Fℓ be an irreducible component of Nℓ. Let F
′
ℓ be the intersection of Fℓ with
the regular part of Nℓ.
Assume (a), (b), (c) do not hold. Since (c) does not hold, the closure of
P∗Sk〈Mk/Nk〉 ∩ π
−1
Mk
(F ′k)
is the closure of P∗Sk∩F ′k
F ′k. We show by induction in ℓ, using theorems 11
and 14 that
P∗Sk−ℓ〈Mk−ℓ/Nk−ℓ〉 ∩ π
−1
Mk−ℓ
(Fk−ℓ)
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is the closure of P∗Sk−ℓ∩F ′k−ℓ
F ′k−ℓ, for each ℓ ≤ k.
Since (a) does not hold, it follows from Theorem 14 that π1(P
∗
S1∩F1
F1) is
finite. Since (b) does not hold, it follows from Lemma 21 that υℓ(P
∗
Sℓ∩Fℓ
Fℓ)
is finite, for 2 ≤ ℓ ≤ k. 
8. Main Results
22. Let N0 be a smooth surface of a germ of a manifold M0 of dimension 3
at a point o. Let S0 be a surface of M0 that does not contain N0.
Let Nk be a normal crossings divisor of a manifold Mk of dimension 3.
Let Sk be a singular surface of Mk that does not contains any irreducible
component of Nk. Assume Sing
Nk(Sk) does not intersect the singular locus
of Nk.
Let σ ∈SingNk(Sk) ∩ Nk. Assume the germ of Sing
Nk(Sk) ∩ Nk at σ is
not smooth or is not transversal to Nk. If Sk is non degenerated at σ, we
blow up Mk at σ followed by the first sequence of blow ups. Otherwise we
perform the second sequence of blow ups at σ. After modifying Mk at each
point of the finite set SingNk(Sk)∩Nk, we obtain a map πk+1 : Mk+1 →Mk.
Set Nk+1 = π
−1
k+1(Nk). Let Sk+1 be the strict transform of Sk by πk+1.
Applying, accordingly, the first sequence or the second sequence of blow
ups, we guarantee that SingNk+1(Sk+1) does not intersect the singular locus
of Nk+1.
Lemma 23. There is an integer k such that each connected component
of SingNk(Sk) is a smooth curve transversal to Nk. Hence the procedure
described in paragraph 22 will terminate after a finite number of steps.
Proof. Notice that, for each ℓ, SingNℓ+1(Sℓ+1) is the strict transform by πℓ+1
of SingNℓ(Sℓ).
Let C be an irreducible singular curve of a germ of manifold M of dimen-
sion 3 at a point o. Let γ : (C, 0) → C be the normalization of C. Let Γ
be the semi group of the orders of the functions γ∗f , f ∈ OM,o. Let mC be
the smallest positive integer that belongs to Γ. The integer mC equals the
multiplicity of C. Let nC be the infimum of Γ \ (mC).
Let C˜ be the strict transform of C by the blow up of M along a smooth
line that contains o. Then
m
C˜
< mC or mC˜ = mC and nC˜ ≤ nC .
Hence the invariant does not get worse. Let C˜ be the strict transform of C
by the blow up of M along o. Then
mC˜ < mC or mC˜ = mC and nC˜ < nC .
Hence the invariant improves. The facts above show that there is an integer
k such that SingNk(Sk) is a union of smooth curves. Hence there is an integer
ℓ such that SingNℓ(Sℓ) is a union of smooth curves transversal to Nℓ.
20 JOA˜O CABRAL AND ORLANDO NETO
Let C,C ′ be two curves of M . Let m(C,C ′) be the number of blow ups
necessary to separate C and C ′. Let C˜ [C˜ ′] be the strict transform of C[C ′]
by the blow up of M along a smooth line that contains o. Then
m(C˜, C˜ ′) ≤ m(C,C ′).
Let C˜ [C˜ ′] be the strict transform of C[C ′] by the blow up of M along o.
Then
m(C˜, C˜ ′) < m(C,C ′).
Hence there is an integerm such that each connected component of SingNm(Sm)
is a smooth curve transversal to Nm. 
Theorem 24. Let M0 ← M1 ← · · · ← Mk be the sequence of morphisms
described in paragraph 22. Then ΣNo (S) = Σ
N
o if and only if one of the
following statements holds.
(a) somewhere along the process a curve that is not well behaved is produced,
(b) there is σ ∈ (Sk ∩ Nk)\Sing
Nk(Sk) such that σ ∈ Ξ
N
ρ (S) for some pro-
jection ρ compatible with N ,
(c) there is σ ∈ Sk ∩ Nk∩Sing
Nk(Sk) such that σ ∈ ΞNρ (S) \ Sing
N (S) for
some projection ρ compatible with N .
Proof. Assume (a) holds. Then there is an integer ℓ such that a non well
behaved curve is produced along the second sequence of blow ups Mℓ ←
Mℓ+1. By Theorem 17 there is σℓ ∈ Sℓ ∩Nℓ such that Σ
Nℓ
σℓ
(Sℓ) = Σ
Nℓ
σℓ
. We
prove by induction in n, using Theorem 17, that for each n ≤ ℓ there is
σℓ−n ∈ Sℓ−n ∩Nℓ−n such that Σ
Nℓ−n
σℓ−n (Sℓ−n) = Σ
Nℓ−n
σℓ−n .
Assume (b) [(c)] holds. By Theorem 6 [Theorem 7] there is σk ∈ Sk ∩
Nk such that Σ
Nk
σk
(Sk) = Σ
Nk
σk
. We repeat the argument of the previous
paragraph.
Assume (a), (b), (c) do not hold. Since (b), (c) do not hold, ΣNkσ (Sk) is
finite for each σ ∈ Sk ∩ Nk. We can now show by induction in ℓ, using
Theorem 17 and the fact that (a) does not hold, that Σ
Nk−ℓ
σ (Sk−ℓ)is finite
for each σ ∈ Sk−ℓ ∩Nk−ℓ and each ℓ ≤ k. 
Theorem 25. Let S be a surface of the germ of a complex manifold M at
a point o. Assume Σo(S) is finite. Let us blow up M at o. Let us apply
the procedure described in paragraph 22 at each singular point σ of the strict
transform S0 of S that belongs to the exceptional divisor of the blow up.
We obtain is this way a manifold Mn, a normal crossings divisor Nn and
a surface Sn such that at each point σ of Sn ∩ Nn, the germ of Sn at σ is
a quasi ordinary singularity relative to a projection ρ compatible with Nn.
Moreover, ∆ρSn ∪ ρ(Nn) is a normal crossings divisor at ρ(o).
Proof. By Lemma 23, SingNk(Sk) is smooth and transversal to Nk at smooth
points of Nk.
Let σ ∈ Sk ∩ N
σ
k . The procedure of paragraph 22 relies on the proce-
dure of paragraph 10. Therefore ∆ρk(Sk) ⊂ ρk(Nk) for each projection ρk
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compatible with the germ of Nk at σ. Therefore Sk is quasi ordinary at the
singular points of Nk.
By Theorem 24, ΣNkσ (Sk) is finite for each σ ∈ Sk ∩ Nk. By Theorem
6, Sk is quasi ordinary at the regular points of Nk that do not belong to
SingNk(Sk). By Theorem 7, Sk is quasi ordinary at the points of Sing
Nk(Sk)∩
Nk. 
Let M be an affine chart with coordinates (x, y, z). Let ρ : M → X be
the linear projection (x, y, z) 7→ (x, y). Set o = (x, y, z), σ = (0, 0). Let
S be a surface of M . Let π1 : M1 → M be the blow up of M at o. Set
E1 = N1 = π
−1
1 (o). Let S1 be the strict transform of S by π1.
Example 26. Let S be the surface defined by the polynomial
z2 − x2(x+ y2).
Notice that Co(S) = {z = 0} and
Cσ(∆z(S)) = Cσ(ρ(Sing(S))) = {x = 0}.
By Theorem 1.4.4.1 of [6], (0 : 0 : 1) ∈ Σo(S) ⊂ Σℓ, where
ℓ = {x = z = 0} and Σℓ = {η = 0}.
Set x = x1y1, y = y1, z = y1z1. Then oℓ is the origin of the chart W1
with coordinates (x1, y1, z1). Moreover, N1 ∩W1 = {y1 = 0} and S1 ∩W1 is
defined by the polynomial
z21 − x
2
1y1(x1 + y1).
Since Coℓ(S1) = {z1 = 0}, S1 is non degenerated at oℓ.
Let π2 :M2 →M1 be the blow up of M1 at oℓ.
Set x1 = x2y2, y1 = y2, z1 = y2z2. If W2 is the affine chart with coor-
dinates (x2, y2, z2), N2 ∩ W2 = {y2 = 0} and S2 ∩ W2 is defined by the
polynomial
z22 − x
2
2y
2
2(x2 + 1).
Since ∆z2(S2) = {x2y2(x2+1)}, Σ
N2
(−1,0,0)(S2) = {η = 0}. Hence Σo(S) = Σℓ.
Example 27. Let S be the swallowtail surface, defined by the polynomial
256z3 − 27y4 − 128x2z2 + 144xy2z + 16x4z − 4x3y2.
Notice that Co(S) = {z = 0} and
Cσ(∆z(S)) = Cσ(ρ(Sing(S))) = {y = 0}.
By Theorem 1.4.4.1 of [6], (0 : 0 : 1) ∈ Σo(S) ⊂ Σℓ, where
Σℓ = {ξ = 0}.
Set x = x1, y = x1y1, z = x1z1. Then oℓ is the origin of the chart W1
with coordinates (x1, y1, z1). Moreover, N1 ∩W1 = {x1 = 0} and S1 ∩W1 is
defined by the polynomial
256z31 − 27x1y
4
1 − 128x1z
2
1 + 144x1y
2
1z1 + 16x
2
1z1 − 4x
2
1y
2
1.
22 JOA˜O CABRAL AND ORLANDO NETO
Since Coℓ(S1) = {z = 0}, S1 is non degenerated at oℓ.
Let π2 :M2 →M1 be the blow up of M1 at oℓ.
Set x1 = x2, y1 = x2y2, z1 = x2z2. If W2 is the chart with coordinates
(x2, y2, z2), N2 ∩W2 = {x2 = 0} and S2 ∩W2 is defined by the polynomial
256z32 − 27x
2
2y
4
2 − 128z
2
2 + 144x2y
2
2z2 + 16z2 − 4x2y
2
2 .
Since S2∩N2∩W2 = {x2 = z2(4z2−1) = 0} and ∆z2(S2) = {x2y2(27x2y
2
2+
8) = 0}, we need to analyse the points o1 = (0, 0, 0) and o2 = (0, 0, 1/4).
Since SingN2(S2) equals {y2 = 4z2 − 1 = 0} in a neighbourhood of N2, it
follows from Theorem 6 that ΣN2o1 (S2) is finite. Since m(a,0,1/4)(S2) does not
depend on a, for |a| << 1, it follows from Theorem 7 that ΣN2o2 (S2) is finite.
Set x1 = x3y3, y1 = y3, z1 = x3z3. If W3 is the chart with coordinates
(x3, y3, z3), N2∩W3 = {x3y3 = 0} and S2∩W3 is defined by the polynomial
256z33 − 27x3y
2
3 − 128x3z
2
3 + 144x3y3z3 + 16x
2
3z3 − 4x
2
3y3.
Set o3 = (0, 0, 0). Since the intersection of S2 with the singular locus N
σ
2 of
N2 equals {o3}, we need to compute Σ
N2
o3 (S2).
Let π3 :M3 →M2 be the blow up of M2 along N
σ
2 .
Set x3 = x4y4, y3 = y4, z3 = z4. If W4 is the chart with coordinates
(x4, y4, z4), E3 ∩W4 = {y4 = 0}, N3 ∩W4 = {x4y4 = 0} and S3 ∩W4 is
defined by the polynomial
256z34 − 27x4y
3
4 − 128x4y4z
2
4 + 144x4y
2
4z4 + 16x
2
4y
2
4z4 − 4x
2
4y
3
4.
Since S3 ∩ E3 ∩W4 = {z4 = 0} and ∆z4(S3) = {x4y4(8x4 − 27) = 0}, we
need to analyse the points o4 = (0, 0, 0) and o5 = (−27/8, 0, 0). By Lemma
4, ΣN3o4 (S3) is finite.
Set x5 = x4 − 27/8, y5 = y4, z5 = z4 + 9y4/32 + x4y4/36. There are
integers a1, ..., a5 such that S3 is defined near o5 by the polynomial
a1z
3
5 + a2y5z
2
5 + a3x
3
5y
3
5 + a4x
2
5y
2
5z5 + a5x5y5z
2
5 .
Now SingN3(S3) = {y5 = z5 = 0} and it is easy to check that mσ(S3)
does not depend on σ ∈SingN3(S3). By Theorem 7, Σ
N3
o5 (S3) is finite. By
Theorem 24, ΣNo (S) = {(0 : 0 : 1)}.
Example 28. Set N = {x = 0}, o = (0, 0, 0) and σ = (0, 0). Let S be the
surface defined by the polynomial
z5 − x2y.
The surface S is degenerated at o. We will perform the second sequence of
blow ups at o. Let π1 :M1 →M be the blow up of M at o.
Set x = x1y1, y = y1, z = y1z1. If W1 is the affine open set of M1 with
coordinates (x1, y1, z1), S1 ∩W1 is defined by the polynomial
x21 − y
2
1z
5
1
and S1 ∩ E1 ∩W1 = N
σ
1 ∩W1 = {x1 = y1 = 0}.
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Set x = x2z2, y = y2z2, z = z2. If W2 is the affine open set of M1 with
coordinates (x2, y2, z2), S1 ∩W2 is defined by the polynomial
z22 − x
2
2y2,
S1 ∩ E1 ∩W2 = {z2 = x2y2 = 0} and N
σ
1 ∩W2 = {x2 = z2 = 0}.
The surface S1 is smooth in the other chart.
Let π2 : M2 → M1 be the blow up of M1 along N
σ
1 . Set E2 = π
−1
2 (N
σ
1 ).
Notice that π = π1 ◦ π2 : M2 → M1 is the second sequence of blow ups of
S. Since S2 is quasi ordinary at each point it is quite easy to verify that
ΣN2σ (S2) is finite for each σ ∈ S2.
It follows from Theorem 24 that Σo(S) = Σ
N
o because the curve S2 ∩ E2
has a singularity, hence one of its irreducible components is not well behaved.
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